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TOPOLOGY OF THE ISOMETRY GROUP OF THE
URYSOHN SPACE
JULIEN MELLERAY
Abstrat. Using lassial results of innite-dimensional geometry, we
show that the isometry group of the Urysohn spae, endowed with its
usual Polish group topology, is homeomorphi to the separable Hilbert
spae l2(N).
The proof is based on a lemma about extensions of metri spaes by nite
metri spaes, whih we also use to investigate (answering a question of I.
Goldbring) the relationship, when A,B are nite subsets of the Urysohn
spae, between the group of isometries xing A pointwise, the group of
isometries xing B pointwise, and the group of isometries xing A ∩ B
pointwise.
1. Introdution.
The Urysohn spae U
1
was rst built by P.S Urysohn more than eighty
years ago, see [4℄. It seems to have been onsidered as little more than a
uriosity for a long time, but in the past few deades interest in this spae
and its isometry group has steadily grown. This is in part thanks to the
result, due to V.V. Uspenkij ([6℄), that the isometry group of U is a universal
Polish group; it is also the onsequene of an improved understanding of
the dynamis and Ramsey-type properties of various innite-dimensional
strutures and their groups of automorphisms, as well as the realization that
these strutures oer interesting problems and perspetives. At any rate,
now the topology of the Urysohn spae is ompletely understood, while its
geometry and the properties of its isometry group are the subjet of ongoing
ative researh, as witnessed by the volume [5℄.
Uspenskij's result was made possible by Kat¥tov's onstrution of the
Urysohn spae, whih was based on what we all in this paper Kat¥tov maps;
these maps provide a good tool to understand one-point metri extensions
of a metri spae X . It is more diult to manipulate extensions of X by
bigger sets; we begin by proving a lemma that shows that one an essentially
manipulate metri extensions of a metri spaeX by sets isometri to a given
nite metri spae F in muh the same way that one manipulates one-point
extensions of X .
1
For preise denitions of the objets disussed in this Introdution, see Setion 2 below.
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This lemma provides a useful tool for bak-and forth onstrutions where
many onditions have to be satised all at one; we rst use it to prove that
any element of the natural basis for the topology of Iso(U) is homotopially
trivial. This in turn implies that Iso(U) is an ANR, whih yields the main
result of the paper.
Theorem. The isometry group Iso(U) is homeomorphi to the Hilbert spae
ℓ2(N)
In the last setion of the paper, we study stabilizers of nite sets and
prove a theorem that illustrates the homogeneity properties of U. This
result answers a question that was asked to me by I. Goldbring.
Below we make the onvention that for A ⊆ Iso(U), the notation 〈A〉 stands
for the losed subgroup generated by A, while if A ⊆ U, Iso(U|A) denotes
the set of isometries xing A pointwise.
Theorem. Let A,B ⊆ U be nite sets. Then
Iso(U|A ∩B) = 〈Iso(U|A), Iso(U|B)〉
For information about Polish spaes and groups, we refer to [2℄ and its
bibliography; the volume [5℄ is an exellent referene for information on the
Urysohn spae.
2. Notations and definitions.
We reall that a Polish metri spae is a separable metri spae (X, d)
whose distane is omplete, while a Polish group is a separable topologial
group whose topology admits a ompatible omplete metri.
Whenever X, Y are metri spaes, an isometry from X to Y is a distane-
preserving map whih is also onto. If f : X → Y is distane-preserving but
not onto, then we say that f is an isometri embedding of X into Y . If
(X, d) is a Polish metri spae we denote by Iso(X, d) (or Iso(X) for short)
its isometry group, whih we endow with the Polish group topology of point-
wise onvergene.
Let (X, d) be a metri spae; a map f : X → R is said to be a Kat¥tov
map if it satises the following inequalities:
∀x, y ∈ X |f(x)− f(y)| ≤ d(x, y) ≤ f(x) + f(y) .
These maps identify with one-point metri extensions X ∪{z} of X , via the
orrespondene z 7→ f = d(z, ·).
We denote by E(X) the set of Kat¥tov maps on X ; it an be made into a
metri spae iself by setting, for all f, g ∈ E(X):
d(f, g) = sup{|f(x)− g(x)| : x ∈ X} .
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The geometri interpretation of that distane is as follows: if f, g ∈ E(X),
then d(f, g) is the smallest possible distane between two points zf , zg in
a metri extension X ∪ {zf} ∪ {zg} whih is suh that d(zf , x) = f(x) and
d(zg, x) = g(x) for all x ∈ X .
If Y ⊂ X , then any map f ∈ E(Y ) an be extended to fˆ ∈ E(X), where
∀x ∈ X fˆ(x) = inf{f(y) + d(x, y) : y ∈ Y } .
The mapping f 7→ fˆ is an isometri embedding of E(Y ) into E(X); below
we all fˆ the Kat¥tov extension of f .
We also need the notion of support of a Kat¥tov map f : we say that f ∈
E(X) is supported by S ⊂ X if one has
∀x ∈ X f(x) = inf{f(s) + d(x, s) : s ∈ S} .
We reall that the Urysohn spae U is haraterized up to isometry, among
all Polish metri spaes, by the following property:
∀A nite ⊂ U ∀f ∈ E(A) ∃z ∈ U ∀a ∈ Ad(z, a) = f(a) .
Equivalently, U is the only Polish metri spae whih is :
• universal, i.e any Polish metri spae isometrially embeds into U.
• ultrahomogeneous, i.e any isometry between nite subsets of U ex-
tends to an isometry of the whole spae.
Below, we will make use of the well-known fat, due to Huhunai²vili ([3℄)
that U is ompatly injetive, whih means that given any two metri om-
pata K ⊂ L, every isometri embedding ϕ : K → U extends to an isometri
embedding ϕ˜ : L→ U. This implies that an isometry between two ompat
subsets of U extends to an isometry of the whole spae.
Finally, let us make a onvention: whenever we manipulate enumerated
nite metri spaes, we say that {a1, . . . , bn} and {b1, . . . , bn} are isometri
as enumerated nite metri spaes if the map ai 7→ bi is an isometry. If it is
lear from the ontext we will forget to mention the enumeration and just
say that {a1, . . . , an} and {b1, . . . , bn} are isometri.
3. A lemma about metri spaes.
As explained in the introdution, the following lemma will be ruial to
our onstrutions. Its aim is to extend the denition of the spae E(X) to
the ase where one onsiders extensions of X by a given nite metri spae;
of ourse the onstrution yields E(X) as a result if one onsiders metri
extensions of X by a singleton.
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Lemma 3.1. Let X be a metri spae, and {a1, . . . , an} be an enumerated
nite metri spae. Then there exists a metri spae Y ⊃ X and subsets
Y1, . . . , Yn ⊂ Y suh that Y = ∪Yi, X = Yi ∩ Yj for all i 6= j and
(a) For eah abstrat metri extension X ∪{a′1, . . . , a
′
n} of X by an enu-
merated set isometri to {a1, . . . , an}, there exist yi ∈ Yi suh that
X ∪ {y1, . . . , yn} identies with X ∪ {a
′
1, . . . , a
′
n} in the natural way.
(b) ∀i ∀y, y′ ∈ Yi d(y, y
′) = sup{|d(y, x)− d(y′, x)| : x ∈ X} .
One may think of this lemma as a generalization of Kat¥tov's denition
of the spae E(X): E(X) is the spae of extensions of X by one point, the
spae Y above may be thought of as the set of extensions of X by nite sets
isometri to some given nite set. The triky part is to dene a suitable
distane, sine one must take in onsideration n-tuples and not points.
Proof of Lemma 3.1.
First, pik n disjoint opies of E(X), form their union, and then identify
points ofX in dierent opies; this way, one obtains an abstrat set Y = ∪Yi
suh that eah Yi is naturally identied with E(X), and the intersetion of
any two distint Yi's is X .
If f ∈ E(X), we let f i denote the orresponding element of Yi; we now
dene a weight funtion ω, by applying the following rules:
• For all i, ω(f i, gi) = d(f, g);
• For all i 6= j, and all f i ∈ Yi \X , g
j ∈ Yj \X , if setting d(f
i, gj) =
d(ai, aj) is ompatible with the triangle inequality for the natural
partial distane on X ∪ {f i, gj}, then ω(f i, gj) = d(ai, aj);
• Otherwise, ω(f i, gj) is undened.
To simplify the explanations below, we borrow notation from graph theory
and say that a nite sequene γ = (y0, . . . , yn) is a path joining y0 and yn if
ω(yi, yi+1) is dened for all i ≤ n − 1. We also say that y0, . . . , yn are the
verties of γ, and dene the weight l(γ) of γ by setting
l(γ) =
n−1∑
i=0
ω(yi, yi+1) .
We now let d denote the pseudometri assoiated to this weight funtion;
in other words,
d(y, y′) = inf{l(γ) : γ is a path joining y and y′} .
Notie that any two points are joined by a path, so d(y, y′) is nite for all
(y, y′) ∈ Y 2; furthermore it is lear that d is a distane on Y .
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Claim. If γ is a path joining x and y and suh that ω(x, y) is dened, then
l(γ) ≥ ω(x, y); in partiular d agrees with ω whenever it's dened.
Proof of the Claim.
Consider rst a path γ with three verties (x, z, y) of elements of Y suh
that x ∈ X; let us see why ω(x, z) + ω(z, y) ≥ ω(x, y). This is lear if all
three points are in X , if z ∈ Y \X and y ∈ X , and if z ∈ X and y ∈ Y \X .
It is also obvious when y, z both belong to the same Yi \ X . So, we may
assume that z = f i ∈ Yi \X , and y = g
j ∈ Yj \X , with i 6= j.
By hypothesis, ω(f i, gj) is well-dened, whih implies that f(x)+d(ai, aj) ≥
g(x) and this is what we needed.
Therefore, if x, x′ ∈ X , the inf in the denition of d is attained on a path with
only two verties, so that d(x, x′) = d(x, x′). Atually, we have proved more
than that, sine we do not need both endpoints of the path to belong to X
in order to obtain a path with less verties. We thus see that d(x, f i) = f(x)
for all x ∈ X and all f i ∈ Yi.
Now we onsider a general path γ = (y0, . . . , yn) suh that ω(y0, yn) is
dened. If y0, yn belong to the same Yi then, by denition of the distane
on E(X), ω(y0, yn) is the smallest possible distane d(z0, zn) in a two-point
metri extension X ∪ {z0} ∪ {zn} where d(z0, x) = d(y0, x) and d(zn, x) =
d(yn, x) for all x ∈ X . Sine d is suh a distane, we must have ω(y0, yn) ≤
d(y0, yn) ≤ l(γ).
We nally onsider the ase where y0 = f
i ∈ Yi, , yn = g
j ∈ Yj, i 6= j.
If γ goes through some x ∈ X , then the reasoning used above shows that
(y0, x, yn) has to be a path of smaller weight than l(γ); the fat that ω(y0, yn)
is dened ensures that
ω(y0, x) + ω(x, yn) ≥ d(ai, aj) = ω(y0, yn) .
If γ does not go through X , then one an rst use the preeding ase to see
that one may assume onseutive verties of γ never belong to the same Yi.
Then the triangle inequality in {a1, . . . , an} ensures that l(γ) is again more
than d(ai, aj) = ω(y0, yn). laim
Note that this laim implies that (Y, d) satises ondition (b) of the lemma
above. Next, we need to see that we indeed embedded in Y all extensions
of X by an enumerated set isometri to {a1, . . . , an}; for that, it is enough
to notie that our onstrution ensures the following:
∀i 6= j ∀f i ∈ Yi ∀g
j ∈ Yj (ω(f
i, gj) = d(ai, aj))⇔ (d(f
i, gj) = d(ai, aj))
We already know that this is true if f i or gj ∈ X , so we assume that both
elements do not belong to X . Then, the impliation from right to left is a
diret onsequene of the denition of ω and the fat that d is a distane.
The impliation from left to right is an obvious onsequene of the fat that
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d extends ω.
We have nally done enough to prove (a): if X ∪ {a′1, . . . , a
′
n} is an ex-
tension of X by an enumerated set isometri to {a1, . . . , an}, then eah a
′
i
uniquely denes yi ∈ Yi suh that d(yi, x) = d(a
′
i, x) for all i, and one has
ω(yi, yj) = d(ai, aj) for all (i, j). Therefore, {y1, . . . , yn} is the desired subset
of Y .
This onludes the proof of lemma 3.1. 
3.1
4. Topology of Iso(U).
We prove here that Iso(U) is homeomorphi to the separable Hilbert spae;
I am grateful to Vladimir Uspenskij for his help and advie on how to prove
this result.
It should be pointed out here that Uspenskij showed that U itself is also
homeomorphi to ℓ2(N), see [7℄. Sine Iso(U) is a Polish group, showing that
it is an absolute retrat (AR in short) is enough to prove that it is homeo-
morphi to ℓ2(N); this is a onsequene of a deep result due to Toru«zyk
and Dobrowolski ([1℄).
And to prove that Iso(U) is AR, it is enough to show that its topology has
a basis that is stable under nite intersetions, ontains Iso(U), and is suh
that for any V in that basis all the homotopy groups Πn(V ) are trivial. The
reader is invited to onsult [8℄ for proofs and explanations of these fats
from innite-dimensional topology; the results we use here are exposed in
hapter 5 of that book.
In our study of the topology of Iso(U), we'll ombine Lemma 3.1 with
an easy tehnial lemma, whih we state below; if Y is a metri spae we
let K(Y ) denote the set of ompat subsets of Y , endowed with the Vietoris
topology.
Lemma 4.1. Let Y be a metri spae, X be a topologial spae and x 7→ Kx
be a ontinuous map from X to K(Y ), x 7→ ϕ(x) a ontinuous map from
X to Y and x 7→ ψx a ontinuous map from X to E(Y ) suh that ψx is
supported by Kx.
Then there exists a ontinuous map x 7→ τx from X to E(Y ) suh that
τx(y) = ψx(y) for all x ∈ X and y ∈ Kx, and
τx(ϕ(x)) = inf{f(x) : f ∈ E(Y ) and f(y) = ψx(y) for all y ∈ Kx} .
The statement above is somewhat tehnial, but the idea is simple: given
a ontinuous assignment of partial metri onditions on Y , and a ontinuous
assignment of points ϕ(x) in Y , one an build a ontinuous assignment of
metri onditions on Y whih extends the partial onditions and also takes
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a minimal value on ϕ(x).
Proof of lemma 4.1. Dene for all x ∈ X the map τx by setting sues-
sively:
(1) τx(y) = ψx(y) for all y ∈ Kx;
(2) τx(ϕ(x)) = sup{|d(ϕ(x), y)− ψx(y)| : y ∈ Kx}.
This denes a map τx whih belongs to E(Kx ∪ {ϕ(x)}); letting again τx
denote its Kat¥tov extension to Y , the proof is nished. 
4.1
Now we are ready to state the main tehnial result of this setion.
Proposition 4.2. Let V be a basi open set for the topology of Iso(U), and
K ⊆ L be two ompat spaes. Let also ϕ0 be some element of V , and
Φ0, Φ1 : L → V be two ontinuous maps suh that Φj(k) = ϕ0 for j = 0, 1
and all k ∈ K.
Then there exists a ontinuous path Φ: L × [0, 1] → V between Φ0 and Φ1,
suh that Φ(k, t) = ϕ0 for all k ∈ K and all t ∈ [0, 1].
By "basi open set for the topology of Iso(U)", we mean some element of
the natural basis for the produt topology.
In partiular, all the homotopy groups of V are trivial: taking K = ∅ and
L = {0} proves that V is path-onneted, and letting K be a singleton and
L = Sn shows that Πn(V ) is trivial for all n.
As we explained above, this implies that Iso(U) is AR, hene Proposition
4.2 is enough to prove that Iso(U) is homeomorphi to the Hilbert spae.
Notation. If F,X are metri spaes then we denote by Emb(F,X) the set
of isometri embeddings of F into X (we don't endow it with a topology).
Let us now explain the onstrution in detail; we begin by explaining how
to prove proposition 4.2 in the ase when V = Iso(U).
Proof of Proposition 4.2 in the ase V = Iso(U).
In this ase, we may assume that ϕ0 = id, and that Φ0(l) = id for all l ∈ L.
We use the bak-and-forth method; to apply it we pik a ountable dense
subset {xn : n ∈ N} of U.
We build an inreasing sequene of ompat sets Fn ⊂ U, and maps (l, t) 7→
Φnl,t from L× [0, 1] to Emb(Fn,U), with the following properties:
(1) Φn+1l,t extends Φ
n
l,t for all n and all (l, t) ∈ L× [0, 1];
(2) Φnl,0(x) = x and Φ
n
l,1(x) = Φ1(l)(x) for all x ∈ Fn and all l ∈ L;
(3) Φnk,t(x) = x for all k ∈ K and all x ∈ Fn;
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(4) ∀x ∈ Fn (l, t) 7→ Φ
n
l,t(x) is ontinuous;
(5) ∀n xn ∈ F2n;
(6) ∀n ∀l, t xn ∈ Φ
2n+1
l,t (F2n+1).
If one lets F = ∪Fi, then at the end of this onstrution we get isometri
maps Φl,t : F → U, with the property that (l, t) 7→ Φl,t(x) is ontinuous for
all x; these maps extend to isometries Φl,t : U → U with the same property
(the onstrution ensures that they are surjetive, and ontinuity is easy to
hek). Sine we have by onstrution that Φl,0 = Φ0(l) and Φl,1 = Φ1(l) for
all l ∈ L, and Φk,t = ϕ0 for all k ∈ K, setting Φ(l, t) = Φl,t denes a map
with the desired properties.
We now explain how to arry out the onstrution above; for this, we need
to be able to do two dierent things:
- (forth) If F is a ompat set obtained at a previous step of the onstru-
tion, (l, t) 7→ Φl,t(x) is a ontinuous map for all x and satisfying all the
onditions above, and z is some point not in F , then one has to be able to
extend the maps Φl,t to F ∪ {z} in suh a way that they still satisfy all the
onditions.
- (bak) If F , (l, t) 7→ Φl,t are as above, and z ∈ U, then one must nd some
ompat set F ′ ⊃ F , and a suitable extension of the maps Φl,t to F
′
, in suh
a way that z ∈ Φl,t(F
′) for all l, t.
To do this, we rst notie that it is easy to nd ontinuously points zl,t
suh that it would be ompatible to set F ′ = F ∪ {zl,t}, and Φl,t(zl,t) = z;
expliitly, the points must satisfy d(zl,t, y) = d(z,Φl,t(y)) for all l, t. Then,
we have to do a more ompliated version of the forth step, extending Φl,t
to eah zl,t while preserving ontinuity. So it should be enough to detail the
bak step.
Bak step.
Let F ⊂ U be ompat, z ∈ U and (l, t) 7→ Φl,t be maps satisfying the
onditions for the bak step.
We begin by piking a ontinuous map (l, t) 7→ zl,t suh that
∀y ∈ F d(zl,t, y) = d(z,Φl,t(y)) .
This is possible beause of the ompat injetivity of U.
Then we x a ountable dense set {(ln, tn)} in L× [0, 1] and extend indu-
tively the maps Φl,t to F ∪ {zln,tn}n∈N in suh a way that
• Φln,tn(zln,tn) = z for all n;
• (l, t) 7→ Φl,t(zln,tn) is ontinuous for all n;,
• all the boundary onditions are respeted.
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Then eah Φl,t extends to F ∪ {zl,t : (l, t) ∈ L× [0, 1]}, and it denes a map
(l, t) 7→ Φl,t with all the desired properties.
We now explain how to arry out this indutive extension; pik n ∈ N and
assume that we have dened Φl,t(zl0,t0), . . . ,Φl,t(zln−1tn−1) in suh a way that,
for all i ≤ n− 1 and all l, t one has
d(Φl,t(zli,ti), z) = d(zli,ti , zl,t) .
Dene now
M = F ∪ {zl0,t0 , . . . , zln−1,tn−1}, and
Yl,t = {z} ∪ {Φl,t(m) : m ∈M}, Y =
⋃
(l,t)∈L×[0,1]
Yl,t .
Let ψl,t denote the Kat¥tov map on Y with support in Yl,t and values dened
by:
• ψl,t(z) = d(zln,tn , zl,t);
• ψl,t(Φl,t(m)) = d(zln,tn , m) for all m ∈M .
Apply now lemma 4.1 to ψ with the funtions
• (l, t) 7→ ϕ1(l, t) = zln,tn;
• (l, t) 7→ ϕ2(l, t) = z;
• (l, t) 7→ ϕ3(l, t) = Φl,1(zln,tn).
This yields three ontinuous maps τ1, τ2, τ3 with values in E(Y ) suh that
d(τi(l, t), z) = d(zln,tn, zl,t), d(τi(l, t),Φl,t(m)) = d(zln,tn , m) for all m ∈ M ,
and τ1(l, 0) = zln,tn, τ2(ln, tn) = z and τ3(l, 1) = Φl,1(zln,tn).
We are almost done: let f, g, h : L×[0, 1] → R be three positive-valued maps
suh that f + g + h = 1, f(l, 0) = 1 = h(l, 1) for all l ∈ L, and g(ln, tn) = 1.
Then, set
znl,t = f(l, t)τ1(l, t) + g(l, t)τ2(l, t) + h(l, t)τ3(l, t).
Sine the map (l, t) 7→ znl,t is ontinuous, and U is ompatly injetive, one
may assume that znl,t belongs to U for all (l, t). Then, setting Φl,t(zln,tn) = z
n
l,t
denes a suitable extension of the maps Φl,t. 
4.2(V=Iso(U))
This onludes the proof of Proposition 4.2 in the ase when V = Iso(U).
The general ase is now not too hard to obtain, thanks to lemma 3.1: we
will use the same bak-and-forth onstrution as above, with a speial rst
step that ensures that we stay within a given basi open set V .
Proof of Proposition 4.2 in the general ase.
Let V = {ϕ ∈ Iso(U) : d(ϕ(xi), yi) < εi(i = 1, . . . n)} be an element of the
natural basis for the topology of Iso(U).
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Pik some ϕ0 ∈ V and ontinuous maps Φ0,Φ1 : L→ V suh thatΦi(k) = ϕ0
for all k ∈ K. This time, we let
Y = {x1, . . . , xn} ∪ {y1, . . . , yn} ∪ {ϕ0(x1), . . . , ϕ0(xn)}
Take a metri spae Y ′ as in Lemma 3.1 for Y , {x1, . . . , xn}.
Then, dene for all (l, t) an extension of Y by a set {zl,t, . . . , zl,tn } isometri
to {x1, . . . , xn} by setting:
• d(zil,t, z
j
l,t) = d(xi, xj),
• ∀y ∈ Y d(zil,t, y) = (1− t)d(Φ0(l)(xi), y) + td(Φ1(l)(xi), y)
One an assume that eah zil,t belongs to Y
′
i , and the ondition (b) of Lemma
3.1 guarantees that the maps (l, t) 7→ zil,t are all ontinuous, so that Y ∪{z
i
l,t}
is ompat.
This means as usual that we may assume that zil,t ∈ U, and d(z
i
l,t, yi) < εi
sine it is a onvex ombination of d(Φ1(l)(xi), yi) and d(Φ0(l)(xi), yi), whih
are both < εi.
We have just built ontinuous maps (t, l) 7→ zil,t ∈ U (i = 1, . . . n) suh that:
• zil,0 = Φ0(l)(xi) and z
i
l,1 = Φ1(l)(xi) for all l ∈ L;
• zik,t = ϕ0(xi);
• d(zik,t, z
j
k,t) = d(xi, xj);
• d(zil,t, yi) < εi for all t, l.
One may now set Φl,t(xi) = z
i
l,t, and proeed with the onstrution as
in the ase when V = U (using the bak-and-forth argument that was ex-
plained above, starting with the ompat set we just built); in the end, we
obtain a ontinuous path Φl,t with all the desired properties, the fat that
Φl,t ∈ V for all l, t being ensured by the beginning of this onstrution.4.2
We have nally proved the main result of this setion.
Theorem 4.3. The group Iso(U) is homeomorphi to the Hilbert spae
ℓ2(N).
5. Stabilizers of finite sets.
In the setion we will disuss a result about stabilizers of nite sets in the
Urysohn spae; the theorem we obtain was onjetured by I. Goldbring.
If A ⊂ U is a nite set we denote by Iso(U|A) the set of isometries of
U that oinide with idU on A; if G ⊂ Iso(U) we denote by 〈G〉 the losed
subgroup generated by G.
Denition 5.1. A metri triangle {a, b, c} is alled at if one of the triangle
inequalities for {a, b, c} is atually an equality.
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Below we will use the following observation: assume X is a set, d1, . . . , dn
are distanes on X and d = 1
n
∑
di. Then d is still a distane on X , and if
a triangle is not at for some di then it is not at for d either.
Proposition 5.2. Let A = {a1, . . . , an} and B = {b1, . . . , bn} ⊂ U be
enumerated nite isometri sets, with additionally ai = bi for all i less than
some k (possibly 0) and ai 6= bj for all i, j > k.
Let also ϕ : A→ U be a partial isometry suh that ϕ(ai) = ai for all i ≤ k.
Then for any ε > 0 there exists ψ ∈ 〈Iso(U|A), Iso(U|B)〉 suh that
∀i ∈ {1, . . . , n} d(ψ(ai), ϕ(ai)) ≤ ε .
Proof of Proposition 5.2.
Pik A,B, ϕ as above and let
C = ϕ(A), ci = ϕ(ai), G = 〈Iso(U|A), Iso(U|B)〉 .
Using the nite injetivity of U and the triangle inequality, we see that by
moving eah ci (i > k) a little bit we an assume that ci 6∈ A ∪ B for all
i > k.
The idea of the proof is that, starting from any ψ(a1), . . . , ψ(an) with ψ ∈
〈Iso(U|A), Iso(U|B)〉 one an nd some other ψ˜(a1), . . . , ψ˜(an) with ψ˜ still
in 〈Iso(U|A), Iso(U|B)〉 and ψ˜(ai) being loser to ci than ψ(ai).
To see why this is possible, one needs to perform various operations,
whih are detailed in a series of lemmas. We rst have to make a tehnial
assumption whose usefulness will be apparent only later on; on rst reading
it may be a good idea to skip it and read the rest of the proof to see why it
is useful.
Lemma 5.3. Without loss of generality, one an assume that every triangle
{ap, cq, br} where q > k and max(p, r) > k is at. Similarly, one an assume
that no triangle {bp, cq, cr} or {ap, cq, cr} with p, q > k is at.
Proof of Lemma 5.3
Let us introdue some notation. Denote by C the olletion of metri exten-
sions of A∪B by a set {x1, . . . , xn} isometri to {a1, . . . , an} and suh that
xi = ai for i ≤ k.
We may see C as an element of this olletion. Now, let ∆ be one of
the triangles this lemma is onerned with (say, ∆ = {ap, cq, br}). For
d = {d1, . . . , dn} ∈ C we let ∆d denote the metri triangle obtained by re-
plaing eah ci in ∆ by di (so in our example ∆d = {ap, dq, br}).
For eah triangle ∆, it is not too hard to see that there exists some d ∈ C
suh that ∆d is not at. So, taking the average of all these extensions, we
see that there exists an element e of C suh that eah ∆e is not at.
Finally, onsider for eah δ > 0 the element eδ of C obtained by setting
∀z ∈ A ∪B d(eδi , z) = (1− δ)d(ci, z) + δd(ei, z) .
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This is an element of C suh that none of the triangles we are about are
at; also, using Lemma 3.1 and the nite injetivity of U, we see that we
an assume that this extension is realized by points δ-lose to the ci's.
In other words, by moving eah ci very slightly we an assume that eah
triangle we are about is not at. Hene proving Proposition 5.2 in the ase
when all these triangles are not at is enough to prove it altogether. 
5.3
We now assume that all of the triangles mentioned above are not at.
Denote by O the losure (in Un) of the set
{g(a1), . . . , g(an) : g ∈ G} .
We also let F (x1, . . . , xn) =
∑
d(xi, ci) for (x1, . . . , xn) ∈ O, and
R = inf{F (x1, . . . , xn) : (x1, . . . , xn) ∈ O} .
Note that O is G-invariant; what we want to prove is that R = 0. We
proeed by ontradition and assume that R > 0. Let us begin by showing
that R is atually a minimum.
Lemma 5.4. There exists (x1, . . . , xn) ∈ O suh that F (x1, . . . , xn) = R.
Proof of Lemma 5.4.
Pik a sequene xi in O suh that F (xi) onverges to R. Note that up to
some extration one may assume that d(xij, ap) and d(x
i
j, cp) onverge, for
all xed p, when i goes to innity.
Hene, using Lemma 3.1 and the nite injetivity of U, we see that there
exist sequenes (yij) for all j ∈ {1, . . . , n} suh that
• d(yij, ap) = d(x
i
j , ap) and d(y
i
j, cp) = d(x
i
j, cp) for all i and all j, p ∈
{1, . . . , n},
• d(yij, y
i
p) = d(x
i
p, x
i
p) (= d(aj , ap))
• Eah sequene (yij) onverges to some xj .
Now note that the onditions above mean in partiular that for all i one
an map xi to yi by an isometry xing A, hene eah yi belongs to O.
Sine O is losed we obtain that (x1, . . . , xn) ∈ O, and then it is lear that
F (x1, . . . , xn) = R. 5.4
Now x x ∈ O suh that F (x) = R.
Lemma 5.5. Assume that there exists some i0 suh that
∀j ∈ {1, . . . , n} |d(ci0, bj)− d(xi0 , bj)| < d(ci0 , xi0)
Then we reah a ontradition (and so it must be that R = 0).
Proof of Lemma 5.5.
We know that if {z1, . . . , zn} is an abstrat extension of B by a set isometri
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to {x1, . . . , xn} and suh that d(zi, bj) = d(xi, bj) for all i, j, then this ex-
tension is realized in U by points z1, . . . , zn satisfying additionally (thanks
to lemma 3.1)
∀i d(zi, ci) = sup{|d(ci, bj)− d(xi, bj)| : j = 1, . . . , n} .
Suh z1, . . . , zn are equal to g(x1), . . . , g(xn) for some g in Iso(U|B), whih
shows that (z1, . . . , zn) ∈ O.
We have by onstrution d(zi, ci) ≤ d(xi, ci) for all i and the only way that
d(zi0, ci0) is not stritly less than d(xi0 , ci0) is that there exists j suh that
|d(ci0, bj) − d(xi0 , bj)| = d(ci0, xi0). This is ruled out by the hypothesis of
the lemma, and so F (z1, . . . , zn) < F (x1, . . . , xn), whih is also impossible.
So our assumption that R > 0 must be wrong. 
5.5
We would have nished the proof if not for the possible existene of those
pesky at triangles, whih we now must remove. That is the purpose of the
following lemma.
Lemma 5.6. There exists y1, . . . , yn ∈ O suh that F (y1, . . . , yn) = R and
for some i0 one has |d(ci0, bj)− d(yi0, bj)| < d(ci0 , yi0) for all j.
Proof of Lemma 5.6. Pik (x1, . . . , xn) ∈ O suh that F (x1, . . . , xn) = R
and x i0 > k suh that xi0 6= ci0 (if there is no suh i0 then R = 0, whih
is impossible by assumption).
Fix also j0 suh that |d(ci0, bj0)− d(xi0 , bj0)| = d(ci0, xi0).
Claim. There exist z1, . . . , zn ∈ U suh that
(1) d(zi, zj) = d(ai, aj) for any i, j;
(2) d(zi, aj) = d(xi, aj) for all i and j;
(3) d(zi, ci) = d(xi, ci);
(4) |d(ci0, bj0)− d(zi0 , bj0)| < d(ci0 , zi0).
This laim is the heart of the lemma; indeed, it provides an abstrat ex-
tension that removes one of the oending at triangles, and then one just
has to use a onvex ombination of all these extensions to obtain an abstrat
extension of A∪B ∪C by elements y1, . . . , yn whih satises onditions (1)
through (3) above, and is suh that no triangle {yi0, ci0, bj} is at.
Using the nite injetivity of U, one an assume that y1, . . . , yn are in U,
and then they must be in O sine there is an isometry xing A and map-
ping {x1, . . . , xn} to {y1, . . . , yn} beause of ondition (2). Then ondition
(3) ensures that F (x1 . . . , xn) = F (y1, . . . , yn), whih was the last point to
hek.
Proof of the laim.
Assume rst that d(ci0 , bj0)− d(xi0 , bj0) = d(ci0 , xi0).
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Then we want to dene an abstrat extension of A∪B∪C by a set isometri
to {a1, . . . , an} by setting
• d(zi0 , bj0) = d(xi0 , bj0) + δ
• d(zi0 , x) = d(xi0 , x) if x 6= bj0.
In other words, we want to inrease the distane to bj0 while keeping all
others onstant; if this is not possible even for very small δ > 0, then it
must happen that for some x ∈ A ∪ B ∪ C \ {bj0} one has
d(xi0 , x) + d(x, bj0) = d(xi0 , bj0) .
From this we get, using the triangle inequality (a piture is useful here!)
d(ci0 , xi0) + d(xi0, x) + d(x, bj0) = d(ci0 , bj0)
This implies in turn that
d(ci0, xi0) + d(xi0 , x) = d(ci0, x)(1)
d(ci0 , x) + d(x, bj0) = d(ci0 , bj0)(2)
If x does not belong to A ∩B, or if j0 ≥ k + 1, then (2) is prohibited by
Lemma 5.3.
So it must be that x belongs to A∩B and j0 ≤ k. But then one must have
d(ci0, x) = d(xi0 , x), and from (1) we then get ci0 = xi0 . This ontradits
our hoie of i0.
The ase when d(xi0 , ci0) + d(ci0 , bj0) = d(xi0 , bj0) is similar, exept this
time one wants to derease the distane to bj0 while keeping all others on-
stant. If it's not possible then the same line of reasoning as above leads to
the desired ontradition. 
5.6
This onludes the proof of Proposition 5.2. 
5.2
Theorem 5.7. Let A,B ⊆ U be nite sets. Then
Iso(U|A ∩B) = 〈Iso(U|A), Iso(U|B)〉
Proof of Theorem 5.7.
Let A,B ⊆ U be nite and ϕ ∈ Iso(U|A∩B). Let V be a basi neighborhood
of ϕ, whih we an assume without loss of generality to be of the form
V = {ψ ∈ Iso(U) : d(ψ(xi), ϕ(xi)) < ε}
with ε > 0, A ⊆ {x1, . . . , xn} = X0.
Claim. Without loss of generality, one an assume that A ∩ B = X0 ∩B.
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Proof. We have to onsider the ase when some points of X0 belong to
B \A; so we are onerned with points in (X0 \A)∩B. Set ε
′ = ε/3. Sine
(X0 \A)∩B is nite, there exists for any xj ∈ (X0 \A)∩B a point x
′
j whih
does not belong to B and is suh that d(xj , x
′
j) < ε
′
. Replae eah xj by x
′
j ,
and denote by X ′0 the set thus obtained. It still ontains A; furthermore,
the open set
V ′ = {ψ ∈ Iso(U) : ∀x ∈ X ′0 d(ψ(x), ϕ(x)) < ε
′}
is ontained in V . So, replaing V by V ′ and X0 by X
′
0 we are now in the
situation desribed by the laim. 
laim
Using an amalgamation over A∩B, one an inrease X0 to some nite set
X and B to some nite set X˜ isometri to X (by an isometry xing A∩B)
suh that additionally X ∩ X˜ = A ∩B.
Then we an nd some isometry ψ with d(ψ(xi), ϕ(xi)) < ε/2 for all i,
ψ(y) = y for all y ∈ X ∩ X˜ , and ψ(X \ X˜) ∩ X˜ = ∅.
Applying Proposition 5.2 to X, X˜, ψ we get an isometry
ψ˜ ∈ 〈Iso(U|X), Iso(U|X˜)〉 ⊆ 〈Iso(U|A), Iso(U|B)〉
suh that d(ψ˜(xi), ψ(xi)) < ε/2, so the triangle inequality gives us that ψ˜ is
in V . This proves that 〈Iso(U|A), Iso(U|B)〉 is dense in Iso(U|A∩B), and
this onludes the proof. 
5.7
When seeing the statement of theorem 5.7, it is natural to wonder whether
one really needs to onsider the losure of the subgroup H generated by
Iso(U|A) and Iso(U|B): it may be that one already has H = Iso(U|A∩B)
and no losure operation is needed. To see that it is needed indeed, onsider
the ase when A,B are nonempty nite subsets of U with empty intersetion.
In this ase Iso(U|A ∩B) = Iso(U).
For any isometry ϕ that xes either A or B one must have, beause of the
triangle inequality:
∀x ∈ U d(x, ϕ(x)) ≤ 2d(x,A ∪ B) .
Now onsider a produt of n isometries ϕ1, . . . , ϕn belonging to Iso(U|A)∪
Iso(U|B), and observe that
∀x ∈ U d(ϕ1 . . . ϕn(x), x) ≤ d(ϕ2 . . . ϕn(x), x) + d(ϕ1(x), x) .
By indution, we obtain that any isometry ψ whih an be written as a
produt of n elements of Iso(U|A) ∪ Iso(U|B) must satisfy
∀x ∈ U d(x, ϕ(x)) ≤ 2nd(x,A ∪ B) .
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The set of isometries satisfying those onditions is meager in Iso(U), and
sine this is true for all n, H itself is meager in Iso(U).
We onlude this setion, and this artile, by pointing out that the ideas
presented here may be used to prove that Theorem 5.7 is still true when one
replaes U by the Urysohn spae of diameter 1 (whih is the unique, up to
isometry, Polish metri spae of diameter 1 whih is both ultrahomogeneous
and universal for separable metri spaes of diameter 1). Note also that it
seems reasonable to expet that the same theorem holds with A,B ompat
instead of nite, but I did not try to hek the details.
A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